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Abstract 

A nonlinear scalar field theory from which an effective metric can be 
^ ■ deduced is considered. This metric is shown to be compatible with re- 

lO ' quirements of general relativity. It is demonstrated that there is a class 

of solutions which fulfill both the nonlinear field equation as the Einstein 
equations for this metric. 
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^ ■ 1 Introduction 

O . There is increasing interest in building analogue models for general relativ- 
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ity. The first analogue model was suggested for black holes and for simulating 



£h ■ Hawking evaporation p. Models, typically but not always, based on condensed 

matter physics have been constructed to simulate certain aspects of general rel- 
ativity, see |2] for very extensive review. Existence of a general pattern has been 
proposed: That the occurrence of something like an approximate Lorentz sym- 
■ metry, and something like an approximate non-trivial "effective metric" might 

be an inescapable general consequence of classical and quantum field theories 
viewed as dynamical systems This claim can be given more precise formu- 
lation. Namely, it has been shown that linearization of any Lagrangian-based 
dynamics leads to effective Lorentzian geometry that governs the propagation 
of the fluctuations 

In this work we consider a nonlinear scalar field theory from which an effec- 
tive metric follows in a covariant fashion, due to the appropriate conservation 
law. This metric is shown to be compatible with requirements of general rel- 
ativity. Therefore we analyse consequences of the Einstein equations for this 
metric. It is demonstrated that there is a class of solutions which fulfill both 
the nonlinear field equation as the Einstein equations for this metric. This re- 
sult shows that the model of analogue gravity is self-consistent for this class of 
solutions. Finally, the obtained results are analysed and aims for further work 
arc outlined. 
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In what follows tensor indices are denoted with Greek letters, /j, = 0, 1, 2, 3 
and we shall always sum over repeated indices. The metric tensor of the 
Minkowski space is defined as rj = diag (1, — 1, — 1, — 1), [») ] denotes the 
corresponding matrix, x^ 1 — x l ), i — 1,2,3, *p^ — J^r and a system of 
units in which c — h — 1 is used throughout. 

2 Nonlinear classical field as a model of ana- 
logue gravity 

Let the Lagrangian density C depends on the invariant I = p ^v 5 ^ only. The 
Euler equations: 

d dC dC 



can be written in the following form: 

-fv,^ = 0, (2) 

where the coefficients depend on the field, = 7^ (<p). We would like to 
write Eqs.J2l in covariant form (yj—gg^p M ) = with some effective (inverse) 
metric g^ v , depending again on the field p. It will be possible if the coefficients 
7^ are proportional to the conserved energy-momentum tensor , 

3C 

TV = -,—p* - rfC, (T"") v = 0, (3) 

i.e. we demand that A (p>)^ 1 ' (ip) = T^ 1 ", where A (ip) is a non-singular scalar 

function of the field <p. In this case we can set \J—g g^ = const T^ . 

It can be shown that there is a unique Lagrangian with the demanded prop- 
erty. Indeed, for 



C = y/l-b<p tli (p>», (4) 
we obtain the Euler equations which can be written in form Q with: 

7"" = (-1 + bl)rf v -hp^y". (5) 
On the other hand, the energy-momentum tensor is computed as 

T „u = 7_ (6) 

We thus set 

y/=9<r = -T^ , (7) 

g = det [g^v], where [g^] = \g^ v ]~ , and due to the conservation law,(T M,y ) v — 
0, we have: 

W=g<r) u = 0, (8) 
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i.e. the harmonicity or de Donder condition is satisfied, and Eqs.©, © can be 
written in covariant form: 

(V=5JT^) )W = 0. (9) 

Finally, computing determinants in Q we obtain g = det (—T^") = —£ 2 
(note that det [g^] = g^ 1 ) to arrive at the formula for the inverse effective 
metric: 

<r = --p- (io) 

The choice of minus sign in (7J guarantees that g^ v — ► rf v for b — > 0. 
To compute the metric tensor g^ v the matrix [g'"'] is inverted: 

\g„u] = [gn~ 1 = [%u-b<p,^,u]- (U) 

Let us investigate signature of the matrix [g^] . After computing eigenvalues 

of [9y.v\ it is easily established that the metric has signature H provided 

that the inequality 1 — b (t/? 2 — (p\ — (p 2 2 — <p 2 3 ) > holds (note that in this 
case the equation ©, © is hyperbolic and, moreover, the Lagrangian Q is 
real) . Thus the metric fulfills the fundamental requirement of the general 
relativity since for 1 — 6 (ip 2 Q — ip\ — f 2 2 — > there exists a transformation 
which transforms locally g^ into f]^. 

3 Solutions of the nonlinear field equation 

Equations (0), have travelling solutions: 

V 0) = *± (±k x - ~k ■ "z ) , (#% = 0) , (12) 

what can be verified directly. It is an open question whether more complicated 
solutions exist. It is interesting that in the 1 + 1 dimensional case: 

l^V,yu = 0, (13) 

7 00 = -1 - VV\ 7 11 = 1 " ty'V, 7 01 = 7 10 = -ty'V , (14) 
soliton-type solutions exist |S] and are related to space-time quantization 
Let us note here that Eas. (|13j) . (|14|l are equivalent to the two-dimensional 
Born-Infeld equation (observe that in |H] the following convention for the 
derivatives ip t = (p = , y? x = ip ± = — f' 1 was used). 

4 Einstein equations 

We have seen that the nonlinear field theory considered in Section [21 induces the 
effective metric (111(1 which has signature characteristic of general relativity. It 
is now natural to consider the Einstein equations in empty space: 

Ryu fa) = 0, (15) 
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where (ip) is the Riemann curvature tensor computed from the metric tensor 

CD- 

We shall hrst analyse the Einstein equations within weak field approxima- 
tion. For small b the Einstein equations can be written as: 

Rvp = {g^a.vp - 9u<j,lip ~ 9pp.va + 9vp,pa) + O (b 2 ) = 0, (16) 

and thank to the harmonicity condition (JSJ, Ea. l|16|) can be cast into form [H]: 

Rvp = h^Svp.pa + O (b 2 ) = 0. (17) 

Therefore it follows that travelling waves: 

9u P = 9v P fax") , (k^ = 0) (18) 

fulfill the Einstein equations in vacuum with accuracy of order O (b 2 ). 

This approximate result prompts us to check if the form (|18(l fulfills the 
Einstein equations l|15(l exactly. The metric tensor l|ll(l for 

^(x) = $(V /1 ), (M^=°) (19) 

is equal: 

~9»u = %u + Vh^, V = -k^k v . (fl = b<Z>' 2 (k^) , k^ = 0) (20) 

Since in what follows we shall need fc M we find out that k^ = g^ v k v — rf v k v . 
We shall compute the Riemann curvature tensor from the metric tensor (j20|) : 

Rpvpa — 2 id 1*0, up 9va,p,p 9pp,va + 9vp,pa) ~\~ I^g^f up ^- Ppp^va ) (^1) 

where the Christoffel symbols are computed as: 

Fpva — 2 {9pv,a 9pa,v 9va,p) — 2^ i]^pvka ~t~ ^paku ^vakp) 2^ k^k v k a . 

(22) 

It follows that both terms quadratic in Christoffel symbols in l|21l) vanish due 
to the condition k^ = and the form \ (c/po-.vp - 9va, MP - 9p P ,va + 9v P ,pcr) is 
zero by symmetry since gpa.vp — —^l"k^k a k u kp. Thus the Riemann curvature 
tensor vanishes: 

Rpvpa = 0, (23) 

and so vanishes the Ricci tensor. 

In conclusion, travelling waves l|12|) satisfy the equations iJU, J5J as well 
as the Einstein equations in empty space, R vp — 0. We can make a stronger 
statement concerning the metric. Since the Riemann curvature tensor vanishes 
for the metric (|20|) then this metric describes the flat Minkowski space-time. In 
other words, there exists a transformation converting into n^. 
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5 Summary and open problems 



We have considered the nonlinear scalar field theory with the Lagrangian density 
. Conservation law of the energy- momentum tensor ijBJ) permits to write down 
equation of motion in covariant form JJjJ and deduce the effective metric (lllf) . 
There is only one Lagrangian density, depending on the invariant I — <p „</?'' 1 , 
which leads to covariant form of equation of motion @. Signature of this 
metric is compatible with requirements of general relativity. It has been next 
demonstrated that there is a class of solutions which fulfill both the nonlinear 
field equation as the Einstein equations for this metric. This result shows that 
this model of analogue gravity is, for this class of solutions, self-consistent. 

There are several open problems for further analysis. Firstly, question of 
existence of soliton-type solutions for Eqs.Q, © must be answered. Such so- 
lutions exist in two-dimensional space-time joj 0] and lead to space-time quan- 
tization jl]. Secondly, it should be checked if the soliton solutions of the two 
dimensional theory, or hypothetical solutions in four dimensions, fulfill the Ein- 
stein equations to preserve self-consistency of the model. Finally, the problem 
of space-time quantization, related to soliton-type solutions, must be addressed. 
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